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In this paper we study the rst law of thermodynamis for the (2+1) dimensional rotating harged
BTZ blak hole onsidering a pair of thermodinamial systems onstruted with the two horizons of
this solution. We show that these two systems are similar to the right and left movers of string theory
and that the temperature assoiated with the blak hole is the harmoni mean of the temperatures
assoiated with these two systems.
I. INTRODUCTION
Bekenstein and Hawking showed that blak holes have non-zero entropy and that they emit a thermal radiation that
is proportional to its surfae gravity at the horizon. When the blak hole has other properties as angular momentum
J and eletri harge Q, these quantities are related with the mass through the identity
dM = TdS +ΩdJ + ΦdQ, (1)
where Ω = ∂M
∂J
is the angular veloity and Φ = ∂M
∂Q
is the eletri potential. This relation is alled the rst law of
blak hole thermodynamis(author?) [1, 2℄. When the blak hole has two horizons, as in the ase of Kerr-Newman
solution, it is known that it is possible to assoiate a thermodynamial rst law with eah of them. The outer horizon
is related with the Hawking radiation while the inner horizon is related with the absortion proess (author?) [3, 4, 5℄.
In this paper we will apply the method desribed by Wu (author?) [6℄ to desribe the thermodynamis of the
rotating harged BTZ blak hole in (2+1) dimensions and relate it with the eetive string theory and D-brane
desription of blak holes. It is well known that a harateristi of eetive strings or D-branes is that their spetrum
an be expressed as right and left moving exitations. The entropy of ther system is given as the sum of the two
ontributions,
S = SR + SL, (2)
while the temperature assoiated with the system is the harmoni mean of the temperatures of the modes,
2
TH
=
1
TR
+
1
TL
. (3)
Therefore, we will dene two thermodynamial systems as the sum and the dierene of the two horizons assoiated
with the rotating harged BTZ blak hole. These systems resemble the R and L moving modes of string theory and
will provide a way to show how the Hawking temperature TH assoiated with the BTZ blak hole an be interpreted
as the harmoni mean of the temperature of the R and L parts. We will also identify the eletri potential and the
angular veloity assoiated with eah of the systems and their relation with the blak hole properties.
II. THE ROTATING CHARGED BTZ BLACK HOLE
The standard rotating harged BTZ blak hole (author?) [7, 8, 9℄ is a solution of (2 + 1) dimensional gravity with
a negative osmologial onstant Λ = − 1
l2
. Its line element an be written as
∗
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2ds2 = −∆dt2 +
dr2
∆
+ r2dϕ2, (4)
where the lapse funtion is
∆ = −M +
r2
l2
+
J2
4r2
−
Q2
2
ln
(r
l
)
. (5)
This solution has two horizons given by the ondition ∆ = 0,
M =
r2±
l2
+
J2
4r2±
−
Q2
2
ln
(r±
l
)
. (6)
The Bekenstein-Hawking entropy assoiated with the blak hole is twie the perimeter of the outer horizon,
S = 4pir+, (7)
and therefore, the mass an be written in terms of this entropy as
M =
S2
(4pi)
2
l2
+
(4pi)
2
J2
4S2
−
Q2
2
ln
(
S
4pil
)
. (8)
The Bekenstein-Smarr integral mass formula is (author?) [10, 11℄
M =
1
2
TS +ΩJ +
1
2
ΦQ+
1
4
Q2, (9)
or
M = κP +ΩJ +
1
2
ΦQ+
1
4
Q2, (10)
where P = P
2pi
is the redued perimeter and κ is the surfae gravity. Thus, the Hawking-Bekenstein entropy an
be written as
S = 4piP , (11)
and the mass (8) is given by
M =
P2
l2
+
J2
4P2
−
Q2
2
ln
(
P
l
)
. (12)
Finally, the dierential form of the rst law for this blak hole takes the form (author?) [12℄
dM = 2κdP +ΩdJ + ΦdQ. (13)
As disussed before (author?) [4, 13℄, we an assoiate a thermodynamis to both outer and inner horizons. The
four laws assoiated with theser horizons desribe the Hawking radiation proess as well as the absortion proess.
Therefore, the integral and dierential mass formulae an be written for the two horizons,
M =
P±
2
l2
+
J2
4P±
2
−
Q2
2
ln
(
P±
l
)
(14)
dM = 2κ±dP± + Ω±dJ +Φ±dQ. (15)
3From these relations, is easy to see that the surfae gravity and eletrostati potential at the two horizons are
κ± =
1
2
∂M
∂P±
∣∣∣∣
Q
=
P±
l2
−
J2
4P±
3
−
Q2
4P±
=
r±
l2
−
J2
4r3±
−
Q2
4r±
(16)
Φ± =
∂M
∂Q
∣∣∣∣
P±
= −Q ln
(
P±
l
)
= −Q ln
(r±
l
)
(17)
Ω± =
∂M
∂J
∣∣∣∣
P±
=
J
2P±
2
=
J
2r2±
, (18)
while the entropy and temperature assoiated with eah horizon are
S± = 4piP± (19)
T± =
κ±
2pi
. (20)
From equation (14) we an obtain to important relations,
M =
P2+ + P
2
−
2l2
+
J2
8
[
1
P2+
+
1
P2−
]
−
Q2
4
ln
(
P+P−
l2
)
(21)
P2+ − P
2
−
l2
+
J2
4
[
1
P2+
−
1
P2−
]
=
Q2
2
ln
(
P+
P−
)
(22)
Now, using the inner and outer horizons we will dene two independient thermodynamial systems. Following Wu
(author?) [6℄, the R-system will have a redued perimeter orrspondient to the sum of the inner and outer perimeters
while L-system orresponds to the dierene of these perimeters,
PR = P+ + P− (23)
PL = P+ − P−. (24)
It is important to note that eah of these systems arry three hairs (M,J,Q). Now, we will obtain the thermody-
namial relations for these systems and then, we will relate them with the thermodynamis of the harged BTZ blak
hole and its Hawking temperature.
III. R-SYSTEM THERMODYNAMICS
First, we will fous in the R-system. The surfae gravity for this system is
κR =
1
2
(
∂M
∂PR
)
J,Q
=
1
2
[(
∂M
∂P+
)
P−,J,Q
(
∂P+
∂PR
)
J,Q
+
(
∂M
∂P−
)
P+,J,Q
(
∂P−
∂PR
)
J,Q
]
(25)
Sine PR = P+ + P− , we get
∂P+
∂PR
+
∂P−
∂PR
= 1, (26)
and equation (22) gives
κ+
(
∂P+
∂PR
)
J,Q
= κ−
(
∂P−
∂PR
)
J,Q
. (27)
4Hene, using equations (26) and (27) we an write
(
∂P+
∂PR
)
J,Q
=
κ−
κ+ + κ−
(28)
(
∂P−
∂PR
)
J,Q
=
κ+
κ+ + κ−
. (29)
On the other hand, using equation (21) we obtain
(
∂M
∂P+
)
P−,J,Q
=
P+
l2
−
J2
4P3+
−
Q2
4P+
= κ+ (30)
(
∂M
∂P−
)
P+,J,Q
=
P−
l2
−
J2
4P3−
−
Q2
4P−
= κ−. (31)
Therefore, putting equations (28),(29),(30) and (31) into (25) we obtain
κR =
κ+κ−
κ+ + κ−
(32)
or
1
κR
=
1
κ+
+
1
κ−
. (33)
This equation shows that the temperature for the R-system satises
1
TR
=
1
T+
+
1
T−
, (34)
while the entropy an be written as
SR = 4piPR = 4pi (P+ + P−) = S+ + S−. (35)
The eletri potential is obtained by the expression
ΦR =
(
∂M
∂Q
)
J,PR
=
(
∂M
∂P+
)
J,Q,P−
(
∂P+
∂Q
)
J,PR
+
(
∂M
∂P−
)
J,Q,P+
(
∂P−
∂Q
)
J,PR
+
(
∂M
∂Q
)
J,P+,P−
. (36)
Sine PR = P+ + P− , we have
(
∂P+
∂Q
)
J,PR
+
(
∂P−
∂Q
)
J,PR
= 0 (37)
and equation (22) gives
(
∂P+
∂Q
)
J,PR
= −
1
2
(Φ+ − Φ−)
(κ+ + κ−)
(38)
On the other hand, using equation (21) we obtain
(
∂M
∂Q
)
J,P+,P−
=
1
2
(Φ+ +Φ−) . (39)
5Therefore, putting equations (30),(31),(37),(38), and (39) into (36), we obtain
ΦR =
(Φ+ +Φ−)
2
−
κ+ − κ−
κ+ + κ−
(Φ+ − Φ−)
2
. (40)
The angular veloity is given by
ΩR =
(
∂M
∂J
)
Q,PR
=
(
∂M
∂P+
)
J,Q,P−
(
∂P+
∂J
)
Q,PR
+
(
∂M
∂P−
)
J,Q,P+
(
∂P−
∂J
)
Q,PR
+
(
∂M
∂J
)
Q,P+,P−
. (41)
Sine PR = P+ + P− , we have
(
∂P+
∂J
)
Q,PR
+
(
∂P−
∂J
)
Q,PR
= 0 (42)
and eqution (22) gives
(
∂P+
∂J
)
Q,PR
= −
1
2
(Ω+ − Ω−)
κ+ + κ−
(43)
On the other hand, using equation (21) we obtain
(
∂M
∂J
)
Q,P+,P−
=
1
2
(Ω+ +Ω−) (44)
Thus, putting equations (30),(31),(42),(43) and (44) into (41), we obtain
ΩR =
(Ω+ +Ω−)
2
−
κ+ − κ−
κ+ + κ−
(Ω+ − Ω−)
2
. (45)
Finally, the integral and dierential mass formulae for the R-system are
M = κRPR +
1
2
ΦRQ+
1
4
Q2 +ΩRJ (46)
dM = 2κRdPR +ΦRdQ+ΩRdJ, (47)
that orresponds to what is expeted as generalization of equations (10) and (13).
IV. L-SYSTEM THERMODYNAMICS
Now, we will turn our attention to the L-system. The surfae gravity for this system is
κL =
1
2
(
∂M
∂PL
)
J,Q
=
1
2
[(
∂M
∂P+
)
J,Q,P−
(
∂P+
∂PL
)
J,Q
+
(
∂M
∂P−
)
J,Q,P+
(
∂P−
∂PL
)
J,Q
]
(48)
Sine PL = P+ − P− , we have
∂P+
∂PL
−
∂P−
∂PL
= 1, (49)
and using the eqution (22) we obtain
6κ+
∂P+
∂PL
= κ−
∂P−
∂PL
. (50)
Thus, using equations (49) and (50) we an write
(
∂P+
∂PL
)
J,Q
=
κ−
κ− − κ+
(51)
(
∂P−
∂PL
)
J,Q
=
κ+
κ− − κ+
. (52)
On the other hand, equation (21) gives
(
∂M
∂P+
)
J,Q,P−
=
P+
l2
−
Q2
4P+
= κ+ (53)
(
∂M
∂P−
)
J,Q,P+
=
P−
l2
−
Q2
4P−
= κ−. (54)
Therfore, putting equations (51),(52),(53) and (54) into (48) we obtain
κL =
κ+κ−
κ− − κ+
, (55)
or
1
κL
=
1
κ+
−
1
κ−
. (56)
This equation shows that the temperature for the L-system satises
1
TL
=
1
T+
−
1
T−
, (57)
and the entropy is
SL = 4piPL = 4pi (P+ − P−) = S+ − S−. (58)
On the other side, the eletri potential is give by
ΦL =
(
∂M
∂Q
)
J,PL
=
(
∂M
∂P+
)
J,Q,P−
(
∂P+
∂Q
)
J,PL
+
(
∂M
∂P−
)
J,Q,P+
(
∂P−
∂Q
)
J,PL
+
(
∂M
∂Q
)
J,P+,P−
, (59)
Sine PL = P+ − P− , we have
(
∂P+
∂Q
)
PL
+
(
∂P−
∂Q
)
PL
= 0 (60)
and using the eqution (22) is easily to obtain
(
∂P+
∂Q
)
J,P−
= −
1
2
(Φ+ − Φ−)
κ+ − κ−
(61)
7On the other hand, using equation (21) we get
(
∂M
∂Q
)
J,P+,P−
=
1
2
(Φ+ +Φ−) (62)
Hene, putting equations (53),(54) ,(60),(61) and (62) into (59), we have the eletri potential
ΦL =
(Φ+ +Φ−)
2
−
κ+ + κ−
κ+ − κ−
(Φ+ − Φ−)
2
. (63)
The angular veloity is given by
ΩL =
(
∂M
∂J
)
Q,PL
=
(
∂M
∂P+
)
J,Q,P−
(
∂P+
∂J
)
Q,PL
+
(
∂M
∂P−
)
J,Q,P+
(
∂P−
∂J
)
Q,PL
+
(
∂M
∂J
)
Q,P+,P−
. (64)
Sine PL = P+ − P− , we have
(
∂P+
∂J
)
Q,PL
−
(
∂P−
∂J
)
Q,PL
= 0 (65)
and eqution (22) gives
(
∂P+
∂J
)
Q,PL
= −
1
2
(Ω+ − Ω−)
κ+ − κ−
(66)
On the other hand, using equation (21) we obtain
(
∂M
∂J
)
Q,P+,P−
=
1
2
(Ω+ +Ω−) (67)
Thus, putting equations (53),(54),(65),(66) and (67) into (64), we obtain
ΩL =
(Ω+ +Ω−)
2
−
κ+ + κ−
κ+ − κ−
(Ω+ − Ω−)
2
(68)
Finally, the integral and dierential mass formulae for the L-system are
M = κLPL +
1
2
ΦLQ+
1
4
Q2 +ΩLJ (69)
dM = 2κLdPL +ΦLdQ +ΩLdJ, (70)
that orresponds to equations (10) and (13) applied to the L system.
V. RELATIONSHIP BETWEEN THE R,L-SYSTEMS AND THE BTZ THERMODYNAMICS
The thermodynami laws of the R, L- systems are related with the BTZ blak hole thermodynamis. Equations
(33) and (56) an be resumed into
1
κR,L
=
1
κ+
±
1
κ−
, (71)
8that orresponds exatly with the relation found by Wu(author?) [6℄ for Ker-Newman blak hole and A. Lar-
ranaga(author?) [13℄ for the BTZ blak hole. Sine temperature is proportional to surfae gravity, we have a similar
expression obtained for equations (34) and (57),
1
TR,L
=
1
T+
±
1
T−
. (72)
This last relation give us immediately an expression for the Hawking temperature assoiated with the BTZ blak
hole, that orresponds to the temperature of the outer horizon,
TH = T+ =
κ+
2pi
, (73)
in terms of the temperatures of the R and L systems. The relation is
2
TH
=
1
TR
+
1
TL
, (74)
whih shows that the Hawking temperature is the harmoni mean of the R and L temperatures, just as happen in
eetive string theory or D-brane physis.
Now, lets play some attention to the eletri potential and the angular veloity. Note that using equations (33) and
(56) we an rewrite the R and L eletri potentials given by (40) and (63), as
ΦR,L =
(Φ+ +Φ−)
2
+
κR,L
κL,R
(Φ+ − Φ−)
2
. (75)
In a similar way, the angular veloity in equations (45) and (68), an be written as
ΩR,L =
(Ω+ +Ω−)
2
+
κR,L
κL,R
(Ω+ − Ω−)
2
. (76)
The form of these equations are exatly the same found for the Kerr-Newman blak hole (author?) [6℄, showing
again that the eetive string theory thermodynamis seems to be a universal piture holding also in 2+1 gravity.
VI. CONCLUSION
In this paper we have shown that the thermodynamis of the (2+1) dimensional rotating harged BTZ blak hole
an be onstruted from two independient thermodynamial systems that resemble the right and left modes of string
theory. If one assume that the eetive strings ha0ve the same mass and eletri harge that the harged BTZ blak
hole, there is a orrespondene between the R and L modes thermodynamis and the thermodynamis of the horizons.
We have show that the Hawking temperature assoiated with the blak hole is obtained as the harmoni mean of
the temperatures assoiated with the R and L systems, just as in the ase of stringy thermodynamis. Moreover,
equations (75) and (76) show that the eletri potential and the angular veloity of the R and L systems are related
with the eletri potential and angular veloities of the inner and outer horizons with the same relation obtained by
Wu (author?) [6℄ for the Kerr-Newman blak hole.
All these fats suggest that there is a deep onnetion between string theory and D-branes with blak holes physis
that seems to hold in many ases, not only in General Relativity but also in 2+1 gravity. Therefore, it is really
interesting to investigate if this relation an give some lue for the understanding of the origin of blak hole entropy.
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